
 

Definition 9.10
A vector function F Iit is said to satisfy
a Lipschitz condition for 5 with a constant L

if
IFCI.it EE.tl E4x Xsl

where by 151 we denote the norm

of the vector I
151 x 2 xE xp T

Theorem 9.2

Let F I t be continuous in 1 and satisfy a

Lipschitz condition for IT in the Cail dim

region R tx Il Eb It to tea
Let M be the upper bound af IFT in R

Then there exists a unique solution Ict

of the first order diff eg
ddtIH ECX.tl

defined over the interval It toleh minfa.ba



Remark 9.5

consider the differential equation of nth
order in one unknown

dd u
F X x'Al Xi t i

can be replaced by a system of
differential equations of first order
dx
dt Xa

i ch
din i

dt Xu

dffe F X Xz Xu t

It is easy
to see that G and 2 are

equivalent Moreover from Th 9.2

we see that any unique solution
is

specified by
toy Io

where I t x ft x ft y XuCH



Trust Tito E facto d l idfftt.to
We need the initial value of x x

and its first cut derivatives at initial
time One also says the solution space
is n dimensional

Let us now focus on the class of
linear equations

Definition 9 Il
The general farm of a linear diff eq
of nth order is

y add y t a G Yu t anG Y

b x

The function L is called a differential

operator The characteristic features of
a linear operator L are

i For any constants G G

LLC Y Czyz C LG t GL Gz



Ii For any given functions p.CH pix
and the linear operators

L y a x Yul a G Ya k anG y

L2 y b G Y t b G Ya t 1 buddy

the function
P L t R Lz

defined by
p L t pal 2 Y p L G Pak G

PG aoCH t Ps both ya't

p G an pix buk Y

is again a linear differential operator

Iii Linear operators in general are subject
to the distributive law

L L t L2 LL t L Lz
L t Lz L L L t L

Iv Linear operators with constant coefficients
are commutative

L Lz L2 L



Note In general linear operators with

non constant coefficients are not
commutative namely

L L n F L L

F a instance let L aG day Leda
L L a dd t L data

Notation

Henceforth we will denote the differential
operator L y Y by DY the operator

LG Y by D y Dody where o denotes

composition of functions More generally
we write

LCH YM D y
The general linear n th order ODE then

becomes

a G D t a G D t an I G bled

where I is the identity operator
Icy Y DOG



Definition 9.12

If I Yz Yu are in functions which

are K il times differentiable then the

Wrowskian of these functions is the
determinant

W W Y e Yu
Y Yz Yu
yi yi Yu

an inn

Remark 9 G

If who to for some point x then Y Ya in

are linearly independent Indeed consider the
system of linear equations

c Y t aya t cuh 0 Ciao in D
for all e I If W xo to for some x EI
then we deduce G E Cu 0

Hence the set of functions y Yn is

linearly independent



Proposition 9.5

The Wronski an of n solutions of the u th

order linear ODE

LG fD t a GID t antify O

is subject to the following first order ODE
DW
DT

a G W

with solution
WG WH e

act Idt

the Wronkian is either identically zero

or vanishes nowhere

Proof
We give a proof here for the case of the
second order equation only Let

Yi Yi t a Yi t aYi 0 Ci 1,2

Note that
d da Kii til 1

I y I f k
Guy tail CaYz t ask



This yields
W x a x W x

so that
wcxl ewcx.ge

9ft Idt

Note I

From the above we deduce the following
i if who 0 then WGI O V x e I

ii if WCx so then WG o t te I

iii if W xo so then W so t x c I

In other words if the sign of the
Wronski an WH given by a set of functions
Yi i Yu changes on the interval I then

this set of functions cannot be a set of
solutions for any linear homogeneous ODE

Propositional
If Y Y i Yu are solutions of the linear
ODE LG 0 the following are equivalent



i Y Yn i Yu is a set of fundamental
solutions or a basis for the vector space

Ker L

Ii Y ya ya are linearly independent
iii W y ya Yu to at some point xo
iv W Y ya Yu is never Zero


